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Newton introduced the basic notion of inverse

function called the anti-derivative (integral) or
the inverse method of tangents.

During 1684-86 A.D. Leibnitz published an
article in the Acta Eruditorum which he called
calculas summatorius, since it was connected
with the summation of a number of infinitely
small areas, whose sum, he indicated by the

symbol . In 1696 A.D. he followed a suggestion
made by J.Bernoulli and changed this article to
calculus integrali. This corresponded to
Newton's inverse method of tangents.

Both Newton and Leibnitz adopted quite
independent lines of approach which were
radically different. However, respective theories
accomplished results that were practically
identical. Leibnitz used the notion of definite
integral and what is quite certain is that he first
clearly appreciated tie up between the anti-
derivative and the definite integral. The
discovery that differentiation and integration
are inverse operations belongs to Newton and
Leibnitz.




Definite Integral

6.1 Definition

Let #(x) be the primitive or anti-derivative of a function f(x) defined on [a, b] i.e., di[¢(x)] = f(x). Then the definite
X

integral of f(x) over [a, b] is denoted by J':f(x)dx and is defined as [¢(b)—¢#(a)] i.e., I:f(x)dx = ¢(b)— #(@). This is also

called Newton Leibnitz formula.

The numbers a and b are called the limits of integration, ‘@’ is called the lower limit and ‘b’ the upper limit. The
interval [a, b] is called the interval of integration. The interval [a, b] is also known as range of integration.

Important Tips

“ In the above definition it does not matter which anti-derivative is used to evaluate the definite integral, because if I f(x)dx = ¢(x)+c, then

b

[ () = [(x) + ] 2= (p(b) + ¢) - (4(a) + ¢) = 40) - 4(a).

a

In other words, to evaluate the definite integral there is no need to keep the constant of integration.

@ Every definite integral has a unique value.

) 3 N ax%1
Example: 1 I tan 5 +tan —— |dx = [Karnataka CET 2000]
-1 X“+1 X
@ = (b) 2z (c) 3« (d) None of these
. 3 a4 X a4 X
Solution: (b) I = J. tan™ ———+cot™ —; dx
-1 X +1 x“+1
3 T T 3 T
=] =dx Il ==[x]’; ==[3+1]=2x.
> 1= [ Zoc= =700 = e =2n
Example: 2 .rginz xdx is equal to [MP PET 1999]
0
@ =« (b) A2 () O (d) None of these
Solution: (b) |:1.|'2sin2 X dx :lj‘[l—cos 2x]dx
2Jo 2Jo

= I_i[x_sini}” = |=l[ﬁ]=£.
2 2 2 2
6.2 Definite Integral as the Limit of a Sum

Let f(x) be a single valued continuous function defined in the interval a < x <b, where a and b are both finite. Let
this interval be divided into n equal sub-intervals, each of width h by inserting (n — 1) points
a+h,a+2h,a+3h.....a+(n—-21)h betweenaand b. Then nh=b-a.
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Now, we form the sum hf(a) + hf(a + h)+ hf(a + 2h) +........ +hf(a+rh)+...... + hf[a+(n—21)h]
= h[f@)+ f@+h)+ f@a+2h)+..... + f@+rh)+.... + f{a+(n —1)h}]
n-1
=h) f(a+rh)
r=0
where, a+nh=b=nh=b-a

n-1
The rl]lrr% hz f(a+rh), if it exists is called the definite integral of f(x) with respect to x between the limits a and b
Y o

and we denote it by the symbol | )dx .

Thus, j:f(x)dx = im [f@)+ f@-+h)+ f@a+2n)+......+ Ha+ (-} = jb f(xdx = lim hZ:, f(a+rh)

where, nh=b —a, aand b being the limits of integration.

The process of evaluating a definite integral by using the above definition is called integration from the first principle
or integration as the limit of a sum.

Important Tips

& In finding the above sum, we have taken the left end points of the subintervals. We can take the right end points of the sub-intervals throughout.
n
Then we have, jgf(x)dx = lim h[f@+h)+f(a+2h)+.... + f@+nh)], = jg f()dx =h > f(a+rh)
h—0

r=1
where, nh=b-a.

| e o [Vl o= (p-af

P E\/E dx:%(b—a) & J. dx—— f(x)dx

- J‘:::f(x+c) dx = J.: f(x) dx or J.b+cf(x —c)dx = .[b f(x) dx

a+c a

Some useful results for evaluation of definite integrals as limit for sums

G)1+2+3+....... +n=w (i) 12 +2% +3% +....... +n2=w
2 n_
(i) 1° +2° +3% +....... +n? :[n(n2+1)} (ivia+ar+ar? +...... rarmt 2 AC 11),r¢1, r>1
r_
_ n
(V) a+ar+ar’ +....cc...... +ar"‘1=M, r1,r<1

1-r

. n-1 nh
- sm{a+(2Jh}s n{ > }
(vi) sina+sin(a+h)+........ +sinfa+(n—1h] = > [sin(a +nh)]

r=0 sin (hj
2
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. =L

(vii) cosa+ cos(a+ h)+cos(a+ 2h)+..... + cos[a+ (n—1)h] = Z[cos(a +nh)] =

r=0 sin (hj
2

1 1 1 1 % 1 1 1 1 7’
(V|||)1——2 57 gz TEz gz T oo_E (ix) 1+ 2+32 4—2 P wz?
1 1 z* 1 1 1 r?
(X) 1+3—2+5—2+ .................... 002? (XI)2_2+4_2+6_2+ .................... oo:z
i0 —i6 0 _ -0 4 -0 4 -0
(xii) cosé@ =% and sinez% (xiii) coshé@ =% and sinhg=S—°

6.3 Evaluation of Definite Integral by Substitution

When the variable in a definite integral is changed, the substitutions in terms of new variable should be effected at
three places.

(i) In the integrand (ii) In the differential say, dx (iii) In the limits

For example, if we put (<) = t in the integral j:f{¢(x)}¢' (x)dx , then jb HA(0)} ()dx = j““ f(t)dt .

Important Tips

- .[o ltsinx - .[ smx+cosx_‘/_|0g(‘/§+l)
7l 2
@ J.O log (tan x)dx =0 & I m:—, where f(a—x)=—f(x)
a a 2
ad dx :1 @& .[ ,[az_xz dx:ﬂ
o x2+a? 2a 0 4
b
Example: 3 If h(@)=h(b), then .[[f(g[h(x)])]’lf'(g[h(x)])g'[h(x)]h'(x)dx is equal to [MP PET 2001]
@ o (b) f(@)- f(b) (c) flo@)]- flagb)] (d) None of these
Solution: (a) Put f(glh(x))=t = f'(g[h(x)])g'[h(x)]h'(x)dx = dt
f(glh(b)])
w0 = log ) - o E- @) = ()]
f(glh@)])
Example: 4 The value of the integral I : ‘IOQTEX dx is [11T 2000]
(@ 3/2 (b) 5/2 (c) 3 (d) 5
Solution: (b) Put log, x=t=e' =x
oodx =e'dt

and limits are adjusted as -1 to 2

2|t 2 0 2 _t2 ° t2 2
. |=I —te‘dt:J.|t|dt:>I:I —tdt+jtdt:>lz— T L )
-1|e -1 1 o 2 " 2 0
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l2 dX
Example: 5 J- - equals [MNR 1983; Rajasthan PET 1990; Kurukshetra CEE 1997]
0 1+sinx
(@ O (b) 1 () -1 (d) 2
7 | 2
Solution: (b) | :I — 5 o -
o sin“ x/2 +cos x/2 + 2 sin x/2 cos x/2

_J‘”’Z dx _J‘”’Z sec? x/2
o (sinx/2+cosx/2)® Jo (1+tan x/2)?

Put (1 +tan x/2)=t = %sec2 x/2 dx = dt

2 2
o]
1t t], 2 1

6.4 Properties of Definite Integral

) J- |Df(x)dx = jbf(t)dt i.e., The value of a definite integral remains unchanged if its variable is replaced by any other

symbol.
. 6 1 )
Example: 6 J; i1 dx isequal to
@) [log(x +1)]$ (b) [log(t +113 (c) Both (a)and (b) (d) None of these
H . _ 6 1 _ 6 _ 6 1 _ 6
Solution: (c) | _L mdx =[log(x +1)]; , | —L t+_1dt =[log(t +1)]3

2 J:J f(x)dx = —Ibaf(x)dx i.e., by the interchange in the limits of definite integral, the sign of the integral is changed.

Example: 7 Suppose f is such that f(—x) = —f(x) for every real x and J.: f(x)dx =5, then J. Of(t) dt = [MP PET 2000]
(@ 10 (b) 5 () 0 (d) -5

Solution: (d) Given, J:f(x)dx =5
Put x=-t=dx =—dt

-1 0
S |:—J'0 f(—t)dtz—J-_lf(t)dt — 1--5

b C b
3) j f(x)dx = Lf(x)dx + j f(x)dx , (where a < ¢ < b)

Generally this property is used when the integrand has two or more rules in the integration interval.

Important Tips

= J'b(|x—a|+|x—b|) dx = (b—a)
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Nde : O Property (3) is useful when f(x) is not continuous in [a, b] because we can break up the integral into
several integrals at the points of discontinuity so that the function is continuous in the sub-intervals.
U The expression for f(x) changes at the end points of each of the sub-interval. You might at times be

puzzled about the end points as limits of integration. You may not be sure for x = 0 as the limit of the first
integral or the next one. In fact, it is immaterial, as the area of the line is always zero. Therefore, even if you

0
write .[ . (L —2x)dx, whereas 0 is not included in its domain it is deemed to be understood that you are

approaching x = 0 from the left in the first integral and from right in the second integral. Similarly for x = 1.

2
Example: 8 I| 1-x? | dx isequal to [11T 1989; BIT Ranchi 1996; Kurukshetra CEE 1998]
-2
(@ 2 (b) 4 (c) 6 (d) 8

2 —1 1 2
Solution: (b) |=I | 1-x2] dx :J'| 1-x2] dx +I| 1-x2] dx +I| 1-x2] dx
2 -2 -1 1

-1 5 1 ) 2 2 4 4 4
N I:—I(l—x )dx+_|' L-x )dx—J.(l—x R P S
) -1 1 3 3 3

1.5
Example: 9 I [x2]dx , where [.] denotes the greatest integer function, equals  [DCE 2000, 2001; 11T 1988; AMU 1998]
0
@ 2+2 () 2-2 © 1+v2 @ V2-1
1.5 1 V2 1.5 V2 1.5
Solution: (b) | =I [x2]Jdx =I[x2]dx +J [x2]Jdx +J [X2Jdx = | =0+j 1dx +j 2 =2 -143-2y2 = 1=2-42
o 0 1 2 1 V2
COSX i 3
Example: 10 If f(x)= e nsinx, | x| S 2, then J- f(x)dx = [T 2000]
2, otherwise -2
(@ 0 (b) 1 () 2 (d) 3
Solution: (c) | X]|<2=>-2<x<2 and f(x)=e°**sinx isan odd function.
3 2 3 3 a
= _[ Fx)dx :j F()dx +_|' fodx = 1=0 + _[ 20x =[2x]2 = 2 [+ [ f(x)=0 iff(x) is odd and in (2, 3) f(X) is 2]
-2 -2 2 2 -a

4) _[: f(x)dx = I:f(a — x)dx : This property can be used only when lower limit is zero. It is generally used for those

complicated integrals whose denominators are unchanged when x is replaced by (a — x).
Following integrals can be obtained with the help of above property.

72 sin" x 712 cos" x Vs
L S P L S
0 sin” x +cos" x 0 cos”" x +sin" x 4
712 tan X 712 t" x 1 2 1
(|)J. _J‘ _cot” x xzf (|||)j —ndX:I - x=Z
1+tan™ x 1+cotn 4 0 1+tan" x 0 1+cot"x 4
/2 sec" X 712 cosec” X Vid
iv dx = dx = —
() I sec" X + cosec"x I cosec” x +sec" x 4
2 A . 7wl 2 . ) wl2 ; 7l 2
(V) IO f(sin 2x) sin xdx =L f(sin 2x) cos xdx (vi) J‘O f(sin x)dx = J-O f(cos x)dx

(vii) jo’”z f(tan x)dx = jo’"z f(cot )dx (viii) jol f(log x)dx = jol f[log(1 — x)]dx



A 7 l2 72
(ix) .[O log tan xdx =IO log cot xdx
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) L”M log(L + tan x)dx = g log 2

(2 . 712 - T, 1
(xi) I log sin xdx = I log cos xdx = —1og 2 = —log —
0 0 2 2 2
.« [7/2 asin x+bcos x 712 asec X +b cosec X 7/2 atan X +b cot x Vid
(xii) : dx:j d =j dx == (a+b)
0 SIn X + COS X 0 SeC X + CoseC X 0 tan x +cot x 4
. . sin? x 3 —
Example: 11 J‘ e cos” xdx =
0
OR
For any integer n, res"‘z X cos®(2n + xdx = [MP PET 2002; MNR 1992, 98]
0
@ -1 (b) O (© 1 (d) None of these
Solution: (b) Let, f,(x)=cos® x =—f(z - x)
and f,(x)=cos*(2n +1)x = —f(z - x)
1=0.
) 2 f(x) .
Example: 12 I ———~=—dx isequal to [11T 1988; Kurukshetra CEE 1999; Karnataka CET 2000]
o f(X)+ f(2a—x)
(@ a (b) as2 (c) 2a d o
2a 2a _
Solution: (a) I:I de :I M
o f(x)+ f(2a—x) b f(a—x)+ f(x)
2a _ 2a
21 :I T+ f2a-x) :J‘dx =[x]53* = 2a
o f(x)+ f(2a—x) o
s l=a.
2 / 712 I
Example: 13 I tan x = SN X dx isequal to [MNR 1989, 90; Rajasthan PET 1991, 95]
0 1++tanx Y0 4fsinx ++/cos x
(@ n/4 (b) o () -1 d 1
72 n
Solution: (a) We know, tan” xdx =7 for any value of n
o l+tan"x 4
“l=xl4.
a a
(5) j f(x)dx = jo f(x)+ f(—x)dx.
—-a

In special case : _[a f(x)dx ={

zj:f(x)dx, if f(x) is even function or f(—x) = f(x)
0 ,if f(x)is odd is odd function or f(—x) = —f(x)

This property is generally used when integrand is either even or odd function of x.

. 12 1+x
Example: 14 The integral I [x]+ In[l j dx equal to
-1/2 - X

@ —= (b) 0 © 1 (d) 2In[%]
. 1+x). .
Solution: (a) Iog(ﬁj is an odd function of x as f(—x) =—f(x)
1/2 0 1/2 0 -1
|:_|' [x]dx +0 = |:j [x]dx +J' [x]dx = |:J' C1dx 40 = —[x]%,, = —.
-1/2 -1/2 0 -1/2 2
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[MP PET 2001]

(d) None of these

[Roorkee 1992; MNR 1998]

(d) 3

Example: 15 The value of the integral .[1 Iog[x + M}dx is
@ o0 ; (b) log2 (c) logl/2
Solution: (a) f(x) = log[ x +\/x2—+1] is a odd functioni.e. f(-x)=-f(x) = f(x)+ f(-x)=0 =1=0.
Example: 16 The value of J.?l —x?)sinxcos? xdx is
@ o ” () 1 (c) 2
Solution: (a) Let, f,(x)=(1-x?), f,(x)=sinx and f;(x)=cos? x

Now, f,(x)=fi(-x), L(X)=—1,(—x) and f;(x) = f;(-x)
1= [ 1000x = 16,605, 005,001x = [T 0308 06K
. 1=0
2a a a
(6) jo f(x)dx = jo f(x)dx + jo f(2a—x)dx

0 L if f(2a—x)=—f(x)

. 2a
In particular, .[o f(X)dXz{zj:f(x)dx, if  f(2a—x)=f(x)

It is generally used to make half the upper limit.

Example: 17 If n is any integer, then .[” g 08’ X cos3(@n+1)x dx isequal to
0
(@ x (b) 1 () 0
Solution: (c) | = J‘”emz(”’x). cos*(2n +1)(z — x) dx
0
= | :—Jwe°°52x.cos3(2n+1)x dx = 1=-I
0
= 21=0 = I=0.
37 T
Example: 18 If 1, :.[f(cos2 x)dx and I, :jf(cos2 x)dx then
0 0
@ =1 (b) 1y =2l © 1p=3l
Solution: (c) f(cos? x) = f(cos 2 (37 — X))
N :3.[’?@052 X)dx = 1, =3I,
0
b b
@) j f(x)dx = j f(a+b — x)dx
a a
b f(x)dx 1
@k:uj ) =~(b-a)
a f(x)+fl@a+b—-x) 2
3714
Example: 19 J- is equal to
714 1+4COS X
@ 2 (b) -2 © 12
37l4
Solution: (a) | :.[ ! dx [ cos[£+ T
z14 1—COS X 4 4

dx

3714 2
w2 .
z14 1—C0S° X

3714
= 2= ZJ. cosec?xdx = 21 =-2[cot xI’5* =4 =1 =2
zl4

3
= —x

[I1T 1985; Rajasthan PET 1995]

(d) None of these

@ 1 =41

(1T 1999]

@) -1/2

o
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Example: 20 The value of Jj% dx is [T 1994; Kurukshetra CEE 1998]
@ 1 () 0 © -1 @ 12
. 3 JIx
Solution: (d =] ————+d
olution: (d) Lﬂ+&x
Put x=2+3-t = dx =—dt
3Jx +/5—
I = — —d d 21 = d =|1d
JA«/_t+\/— = -[ J5—x ++/x " 2 45 —x+\/— j "
= 2l=xpB=1=1=1/2
Example: 21 If fl@+b—x)="f(x) then J-bx f(x)dx is equal to [Kurukshetra CEE 1993; AIEEE 2003]
@ a+bJ' b - x)dx (b) a+bJ‘ F(x)dx © Bj'b f(x)dx (d) None of these
2 Ja
Solution: (b) = j x fodx and | = j (@+b—x)f(a-+b—x)x
b
= I:.r’(a+b—x)f(x)dx = I:Ib(a+b)f(x)dx —jbx foOdx = 2I:Uf(x)dx}(a+b) = |_a+b_|'f(x)dx
8) [ x foqdx = ~a[* foodx if f f
®) J; x fx)dx =] fdx if fa—x)=f(x)
Example: 22 If J.”x f(sin x)dx = kr f(sin x)dx , then the value of k will be [11T 1982]
0 0
@ 7 () 2 ©) 4 @ 1

Solution: (b)) Given, J'” X f(sin x)dx = kr f(sin x)dx
0 0
= .[ " = 0)f(sin(z — x))dx = kJ'” f(sin(z — x))dx = nrf(sin X)dx — I "X f(sin x)dx =k I " f(sin x)dx
0 0 0 0 0

= nJ'” f(sin x)dx — ZkJ” f(sinx)dx =0 = (z— 2k)_|'”f(sin X)dx =0
0 0 0
Lorx—2k=0=k=7x/2.
(9) If f(x) is a periodic function with period T, then J.;T f(x)dx = nJ.OT f(x)dx,
Deduction : If f(x) is a periodic function with period T and a R™, then r:nT f(x)dx = .[Oa f(x)dx
(10) (i) If f(x) is a periodic function with period T, then
Ia+an(x)dx =n .[OT f(x) dx where n e |

a

(@) In particular, ifa=0

J:Tf(x) dx = nJ.OT f(x) dx, where ne |
a+T T
(b) If n =1, jo f(x)dx =j0 f(x)dx,
) nT T
0] _[mT f(x)dx =(n—m) J:) f(x) dx, wheren, m € |

(ii) jb: F(x) dx = jb F(x) dx, where nel
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(11) If f(x) is a periodic function with period T, then j:”f(x) is independent of a.

(12) jb f(x)dx = (b —a) jol (o —a) x +a)dx

(13) If f(t)is an odd function, then ¢ (x)= J: f(t)dt is an even function

(14) If f(x) is an even function, then ¢ (x) = J: f(t)dt is on odd function.

M: U If f(t) is an even function, then for a non zero ‘a’, J: f(t)dt is not necessarily an odd function. It will be

odd function if j:f(t)dt =0

2T xsin® x
Example: 23 For n> O,I ————dx isequal to [11T 1996]
o sin?" x +cos?" x
@ »° (b) 27* © 3x° d) 4x°
27 Fa2n 27 _ sa2n _ a a
Solution: (a) I:J M and I:I _(22” x)sin (2”2 X)dx J f(x):If(a_x)
o sin®" x +cos”" x o sin®"(2z —x)+cos“" (27 — X) o o

2z in2n 2 ia2n
sin™ siIn® X
2|=27Z'J. ﬁdx = I:”_[ ﬁdx
0 SIN” X+COosS™ X 0 SIN™ X+COoS™ X

using .[ " f0=n J' Tt
0 0

7l2 in 20
SIn™ X
. |:47Z'J. ﬁdx = |:47Z'(7T/4):7Z'2
0 SIN™ X+COS™ X

a+T
Example: 24 If f(x) is a continuous periodic function with period T, then the integral | = If(x)dx is
a

(@) Equalto 2a (b) Equal to 3a (c) Independent of a (d) None of these
a+T a+T

0 T
Solution: () Consider the function g(a) = [ f(dx = J' f(x)dx +J.f(x)dx+ F()dx
a a 0 T

a+T

a a
Putting x —T =y in lastintegral, we get | f(x)dx :.[f(y +T)dy :If(y)dy
T 0 0

= g@)= .LO FOdX + J:f(x)dx + J; To0dx = L o

Hence g(a) is independent of a.

Important Tips

@ Every continuous function defined on [a, b] is integrable over [a, b].
@ Every monotonic function defined on [a, b] is integrable over [a, b].

b
& If f(x) is a continuous function defined on [a, b], then there exists ¢ < (a,b) such that I f(x)dx = f(c).(b —a).
a

1

b
WJ. f(x)dx is called the mean value of the function f(x) on the interval [a, b].
—a)da

The number f(c) =

& If fis continuous on [a, b], then the integral function g defined by g(x) = I f(t)dt for x e[a,b] is derivable on [a, b] and g'(x) = f(x) for
a

all x e[a,b].
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b
& If mand M are the smallest and greatest values of a function f(x) on an interval [a, b], then m(b —a) s.[ f(x)dx < M(b —a)

a
& If the function ¢(x) and w(x), are defined on [a, b] and differentiable at a point xe(a,b) and f(t) is continuous for ¢(@) <t <y (b), then

w(x)
[L(fx()t)dt] = () (x) - Flo(x))¢' (x)

‘ Lb F(x)dx sﬁ £0)| dx

@ If f2(x) and g?(x) are integrable on [a, b], then

b 1/2 b 1/2
s“ﬁ(x)dxj ng(x)dxj

@ Change of variables : If the function f(x) is continuous on [a, b] and the function X = ¢(t) is continuously differentiable on the interval

I (%) 9(x) dx

b t.
[t t.] and a—oft,).b = (), then [ 60 = [ Fla(O)e' (0t
a t
b
@ Let a function f(x,«) be continuous for a<x<b and c<a<d. Then for any «ae<[cd], if I(a):jf(x,a)dx, then
a

b
I'(a) = J'f'(x,a)dx,
a
Where I'() is the derivative of (@) w.r.t. ¢and f'(x,«) is the derivative of f(x,a) w.r.t. o, keeping x constant.

& For a given function f(x) continuous on [a, b] if you are able to find two continuous function f,(x) and f,(x) on [a, b] such that

b b b
£, < F(X) < £,(x) VX €[ab], then J' £()dx < I fdx < I £,(x)dx

6.5 Summation of Series by Integration

b n
We know that j f(x)dx = lim h" f(a + rh), where nh=b —a
a n—o )

Now, put a=0,b=1, . nh=1o0rh =£. Hence Ilf(x)dx = lim EZf[LJ
n 0 n—w N n

Wdtt : U Express the given series in the form zl f(%) Replace Lby X, 1 by dx and the limit of the sum is
n n n

1
j f(x)dx .
0
Example: 25 If S, = ! +;+ + 1 then lim S, is equal to [Roorkee 2000]
' " 1440 2+don T nhevn? nos
(@ log2 (b) 2log 2 (c) 3log2 (d) 4log2
. . 1 . 1
Solution: (b) lim = im ——
n—oo r+‘/m n—oo r r
n \n

limsS, =

. ! 1 d
e[

= 2flog(1 +v/x)J} = 2log 2
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nL/n \L/n
Example: 26 lim oy or lim (n—nj is equal to [WB JEE 1989; Kurukshetra CEE 1998]
n—oo n n—oo\ N
(@ e (b) et (© 1 (d) None of these
nt/n
Solution: (b) Let A= Ilim &
nN—o n

1n
= log A = lim Iog(l'z'?’+“nj = log A = lim Iog(
n

n—o n—oo

S|

1n n
EE EJ = log A = lim 1 {Iog(iﬂ
nn n N N b= n

1
= IogA:J.Iogxdx =[xlogx—xJ} = logA=-1 = A=e"
0

F(m + 1jr(n + 1)
.. 2 2 2
If m and n are non-negative integers, then .[ sin™ x cos" xdx =

0
2F(m+n+2j
2

where T'(n) is called gamma function which satisfied the following properties
Ih+1)=nl()=n' ie. T@)=1andT/2)=x
In place of gamma function, we can also use the following formula :
7l 2 — — - —
J- sin™ x cos” xdx = (m-2(m -3).....(20or )(n —1)(n — 3).....(20r 1)
0 M+n)(m+n-2)....»20r1)

It is important to note that we multiply by (7/2); when both m and n are even.

6.6 Gamma Function

/2
Example: 27 The value of J. sin® x cos® xdx = [Rajasthan PET 1999]
0
(a) 37312 (b) 57/512 () 37/512 d) 57/312
Solution: (@) _ (4 -1).(4—-3).(6-1).(6 - 3).(6 —5) 7_ 31531 z_ 37
4+6)(4+6-2)(4+6-4)4+6-6)4+6-8) 2 10.86.42. 2 512

6.7 Reduction formulae Definite Integration

O o b © a © n!
(1)I e sinbxdx = ——— (Z)I e ™ cosbxdx = ——— (B)I e ¥x"dx =
0 a‘+b 0 a‘+b 0 a" +1
Example: 28 If 1, :Iz’xx"’ldx, then J.Oé’ixx”’ldx is equal to
0 0
| b i Iy d) A"
(@ 4, ® (C)ﬂ—n (d) N
Solution: (c) Put, Ax =t, Adx =dt, we get,
[l mertax = Jertetan == [erxmta =
o A do A" Jdo A
6.8 Walli's Formula )
n-1 n-— - 2 .
...... 3 when n is odd

n-1
-

n
zl2 wl2 '
j sm"xdx:J cos"xdx =4 N N-—
0 0 n V4 .
.=, whenniseven
n 2
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~12ginm x cos" dx = Mm-HMm=3)......... h-D(n-3)....... [If m, nare both odd +ve integers or one odd +ve integer]
M+n)M+n-2)
m—-1)(m —-3)............ n-1)n-3 .
= ( )( ) ( ) ) Z [If m, n are both +ve integers]
(Mm+n)({m+n-2) 2
712
Example: 29 J- sin’ xdx has value [BIT Ranchi 1999]
0
37 17 16 16
@ o b) = © - @
Solution: (c) Using Walli’s formula, = | = -1 7-3 7-5_642 16

7 '7-2'7-4 753 35

6.9 Leibnitz’s Rule
(1) If f(x) is continuous and u(x), v(x) are differentiable functions in the interval [a, b], then,

d v d d
o L TG = FOO} 00}~ HU)} U0}

(2) If the function ¢(x) and y(x) are defined on [a,b] and differentiable at a point x e(a b), and f(x,t) is continuous,

ten, [ [ teenat| = [ ttuas {240 a0 {4600 v, )

dx [Y¢()
X
Example: 30 Let f(x):j V2 -t dt . Then the real roots of the equation x? — f'(x)=0 are [11T 2002]
1
1
a) +1 b c) +— d) Oandl
(a) (b) + \/— (© 5 (d)

Solution: (a) f(x):r V204t = P =v2—x2.1-42-1.0 =\2—x2
1

CxZ=f()=v2-x% = x* +x?-2=0 = (x* +2)(x*-1)=0

. X ==1 (only real).

Example: 31 Let f:(0,00) - R and f(x)= Ixf(t)dt If f(x?) = x?(L+x), then f (4) equals (1T 2001]
0
(@ 5/4 (b) 7 (c) 4 (d) 2
2
Solution: (c) By definition of f(x) we have f(x?)= fo(t)dt =x%+x® (given)
0

Differentiate both sides, f(x?).2x +0 = 2x + 3x?
PUL X = 2 = 4(4) =16 = f(4) = 4

6.10 Integrals with Infinite Limits (Improper Integral)

A definite integral Ibf(x)dx is called an improper integral, if

The range of integration is finite and the integrand is unbounded and/or the range of integration is infinite and the
integrand is bounded.

1
e.g., The integral J' izdx is an improper integral, because the integrand is unbounded on [0, 1]. Infact, iz — 0 as
X

X — 0. The integral S 1—dx is an improper integral, because the range of integration is not finite.
+ X

There are following two kinds of improper definite integrals:
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(1) Improper integral of first kind : A definite integral _[bf(x)dx is called an improper integral of first kind if the
a

range of integration is not finite (i.e., either a — o or b — o or a — o and b — <o) and the integrand f(x) is bounded
on [a, b].

J‘mizd I —dx 1 dx,Jm 3x 5 dx are improper integrals of first kind.
1 X 014 x? 01 4 X2 1 1+ 2x)

Important Tips

< Inan improper integral of first kind, the interval of integration is one of the following types [a, o), (-0, b], (—oq, ).

0 k
@ The improper integral jf(x)dx is said to be convergent, if kIim f(x)dx exists finitely and this limit is called the value of the improper
a —®Ja
k
integral. If kIim f(x)dx is either +o00r —oo, then the integral is said to be divergent.
— D Ja
@ The improper integral J- f(x)dx is said to be convergent, if both the limits on the right-hand side exist finitely and are independent of each

other. The improper integral j f(x)dx is said to be divergent if the right hand side is +ooor —co

(2) Improper integral of second kind : A definite integral _[bf(x)dx is called an improper integral of second kind if
a
the range of integration [a, b] is finite and the integrand is unbounded at one or more points of [a, b].
If _[ bf(x)dx is an improper integral of second kind, then a, b are finite real numbers and there exists at least one point
a

¢ € [a,b] such that f(x) — 4+ or f(x) > - as x — c i.e., f(x) has at least one point of finite discontinuity in [a, b].

For example :

(i) The integral Pl dx, is an improper integral of second kind, because lim ! =00,
1 2
X — X —

X—2

(ii) The integral J'llog xdx; is an improper integral of second kind, because log X - oas x > 0.

(iii) The integral J 1—dx, is an improper integral of second kind since integrand 1; becomes infinite
+ CO0S X + COS X

at x=x€[0,27].

(iv) I —dx is a proper integral since lim sinx =1.

x—>0 X

Important Tips

& Let f(x) be bounded function defined on (a, b] such that a is the only point of infinite discontinuity of f(x) i.e., f(x) — @ as x — a. Then the

b b b
improper integral of f(x) on (a, b] is denoted by I f(x)dx and is defined as I f(x)dx = Iimo.[ f(x)dx . Provided that the limit on right hand
a a &V Ja+e

b
side exists. If | denotes the limit on right hand side, then the improper integral J- f(x)dx is said to converge to |, when | is finite. If | = + cor |
a

= —oo, then the integral is said to be a divergent integral.
& Let f(x) be bounded function defined on [a, b) such that b is the only point of infinite discontinuity of f(x) i.e. f(x) — cas x — b. Then the

b b b-&
improper integral of f(x) on [a, b) is denoted by J- f(x)dx and is defined as I f(x)dx = lim f(x)dx
a a g—07
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b
Provided that the limit on right hand side exists finitely. If | denotes the limit on right hand side, then the improper integral I f(x)dx issaidto
a

converge to |, when 1 is finite.
If | =+ or | =—o0, then the integral is said to be a divergent integral.

& Let f(x) be a bounded function defined on (a, b) such that a and b are only two points of infinite discontinuity of f(x) i.e., f(a) — o« f(b) — .
b
Then the improper integral of f(x) on (a, b) is denoted by J- f(x)dx and is defined as
a
b C b-&
J' foodx = lim [ foodx + lim J’ f)dx,a<c<b
a g > 0da+e d—0"7
Provided that both the limits on right hand side exist.
& Let f(x) be a bounded function defined [a, b]-{c}, c €[a, b] and c is the only point of infinite discontinuity of f(x) i.e. f(c) . Then the improper
b b Cc—X b
integral of f(x) on [a, b] — {c} is denoted by J' f(x)dx and is defined as J' fo)dx = lim J’ foOdx + lim J' F()dx
a a X —>07a 0 — 0Jc+s
b
Provided that both the limits on right hand side exist finitely. The improper integral J- f(x)dx is said to be convergent if both the limits on the
a
right hand side exist finitely.
@ |f either of the two or both the limits on RHS are o, then the integral is said to be divergent.
Example: 32 The improper integral J-e’xdx is...... and the value is....
0
(@) Convergent, 1 (b) Divergent, 1 (c) Convergent, 0 (d) Divergent, 0
0 k
Solution: (a) | :J' e¥dx = lim [e™dx = I=lim[-e”] = lim[-e™* +e°] = I = lim@-e™*)=1-0=1 [-lime*=e™=0]
o k—o Jo k—o0 k—o0 k—o0 k—o0
k
Thus, kIim e *dx exists and is finite. Hence the given integral is convergent.
—>0 0
. 0 1 .
Example: 33 The integral .[ —dx,a=0is
—o A% + X
(@) Convergent and equal to z (b) Convergent and equal to 21
a a
(c) Divergent and equal to z (d) Divergent and equal to 21
a a
. 0 dx . 0
Solution: (b | :J = lim .[
®) wa®+x? koo a? +x?
0
= I = lim [itanli} = lim Ftan1 0—Lant 5} = 1=0 —Etan’l(—oo):—l(ij -
k——o| a aj, ko—=la a a a al 2 2a
Hence integral is convergent.
Example: 34 The integral J- % dx is
ot e
(@) Convergent and equal to 776 (b) Convergent and equal to 7/4
(c) Convergent and equal to 773 (d) Convergent and equal to 772

. - 1 ©  gX
Solution: (d) |:J' 1 - j —d
o e +e* »1+e*

Put e* =t =e*dx =dt

I :I n 1t2 dt = I=[tan ]y =[tan " co—tan 0] = | = /2, which is finite so convergent.
o 1+

2
Example: 35 I x+1 dx is

1 Jx -1

(@) Convergent and equal to % (b) Divergent and equal to %
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(c) Convergent and equal to « (d) Divergent and equal to o
2
Solution: (a) I _I Vx —1dx +J. dx = F (x —1)3’2} +[4vx —11? = 14/3 which is finite so convergent.
1 4x -1 3 il

2 dx .
Example: 36 I z—dx Is
1 X°-5Xx+4

(a) Convergent and equal to %Iog 2 (b) Convergent and equal to 3/log2
(c) Divergent (d) None of these
2 2
Solution: (c) | :J- oW 1 [ t 1 dx = l[Iog 2—0]=—
1 (x-1)(x-4) 3hi{x-4 x-1 3

So the given integral is not convergent.

6.11 Some Important results of Definite Integral

@ifi, :.[O”M tan" xdx then I, +1,, 1
n-1
@1If1, :J.:Mcot“ xdx then I, +1,, =1%
@I, = .[O”/ sec” xdx then I, (\/_znlz :: 1 -2
@) If 1, :I:/ cosec"xdx then I, _({)nlz n:l o

G)If1, = J:lzx” sin xdx then 1, +n(n—1)I, , =n(z/2)""

@)If1, = L”/Z x" cos xdx then I, +n(n—21)I, , =(z/2)"

(7)Ifa>b>0,thenIZ/2a+s)éosx Jz tan- :*E
= oo

(8) If 0 <a<b then jo”’zaj’éos)(:\/libg E:+\/\/E:Z|
(9) If a>b >0 then I:/2a+g);inx = —azz—bz tan :;E
(10)If O<a<b, thenj’”2 x _ 1 og| Y22 +b 2]
a+bsinx Jp2 _42 |\/b+a Jb— a|
(11) If a>b,a® >b? +c?, then jﬂ/2a+bcosd;+csinx:\/aZ_EZ_CZ tanl—%:_cc2

dx ~ 1 |a b+c-vb®+c’ a2|
a+bcosx+csinx  fp? 4 c? _ga? ‘a brctvbZic? ‘

vd
(12) If a>b,a? <b? +c?, then | ’
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dx B -1 |b a-c—vJb® +c? - |
a+bcosx+csinx_\/b27 ‘b a—c+vb2+c?— ‘

Important Tips

7l
(13)If a<b, a® <b?+c? then [ ’

Xf(x)dx

x—0

= J'b foOdx = (b —a) r flb—ayt+aldt
a 0

6.12 Integration of Piecewise Continuous Functions .
Any function f(x) which is discontinuous at finite number of points in an interval [a, b] can be made continuous in

sub-intervals by breaking the intervals into these subintervals. If f(x) is discontinuous at points X;, X,, Xg.......... X, in(a,
b), then we can define subintervals (a, X;), (Xy, X5).vveeeeen. (X1, X,), (X, b) such that f(x) is continuous in each of these
subintervals. Such functions are called piecewise continuous functions. For integration of Piecewise continuous function.

We integrate f(x) in these sub-intervals and finally add all the values.

20
Example: 37 [cot™ x]dx , where [.] denotes greatest integer function
-10
(@ 30+cotl+cot3 (b) 30 +cotl+cot2+cot3
(¢) 830+cotl+cot?2 (d) None of these

20
Solution: (b) Let 1 :J. [cot™ x]dx,
-10

we know cot™ x €(0,7) V x € R

3, X € (—oo, cot 3)
2, X e (cot 3, cot 2)
1 x e (cot 2, cot 1)
0 X € (cot 1, 0)

thus, [cot™ x]=

cot 3 cot 2 cotl 20
Hence, |:.[ 3dx+J- 2dx+I ldx+| Odx =30+cot1+cot2+cot3
-10 cot3 cot2 cotl
2
Example: 38 I [x% —x +1]dx , where [.] denotes greatest integer function
0
@ = /5 ) V5 © V5 -3 (d) None of these
2 2 2
1+V5 1445 7 ‘/—

2 2
H . 2 2 2 2 2
Solution: (a)  Let IZ.[) [x? = x +1] dx :.L [x —x+1]o|x+-|'1+2£ [x? - x + 1] dx =J'0 1dx+J. 5 20x =
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