Chapter

(APPLICATION OF INTEGRALS)

8.1 Overview

Thischapter deal swith aspecific application of integralsto find the areaunder smple
curves, area between lines and arcs of circles, parabolas and ellipses, and finding the
area bounded by the above said curves.
8.1.1The area of the region bounded by the curve y = f (x), x-axis and the lines
x=aandx=Db (b> a) isgiven by the formula:

b b

Area= J'ydx: If (x) dx

8.1.2 The area of the region bounded by the curve x = ¢ (y), y-axis and the lines
y=c, y=disgiven by the formula

Area = dey:J'¢(y) dy

8.1.3The area of the region enclosed between two curvesy = f (x), y = g (X) and the
lines x = a, x = bisgiven by the formula

Area= [[f (0=g(¥)]dx wheref(x) > g (x) in[a, b]

814If f(X) > g(X¥in[aclandf(X) < g(X)in[c, b],a<c<b,then

Area= [[f()-g]ax+[(g0)-F(o)dx ¥
8.2 Solved Examples
Short Answer (SA.) 1 A

Example 1 Find the area of the curve
y = sin x between 0 and 1t
Solution We have

. B

|=
=

Area OAB = I_ydx = Isinxdx = |—cos x|;’ 0

o

':I_E. ]
o

= cos0 — cosTT= 2 s units.

X
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Example 2 Find the area of the region bounded by the curve ay? = X, the y-axis and
thelinesy=aandy = 2a.
Solution We have

2a 2a 1 2 Y

= [xdy= [a’y3d —>
Area BMNC j y j ydy e y=2a
1
5 § 2a
= 3i 3 o /M
5 B r=«
1 .
5 5 § t )X
-2 (2a)s - a3‘ ‘ ¢
S Fig. 8.2
1 § 5 Y
- —a3ad (2)3—1‘ ry
3 2
= gaz 2.2° =1 squnits.

Example 3 Find the area of the region
bounded by the parabola y? = 2x and the
straight linex—y = 4.

Solution The intersecting points of the given

curves are obtained by solving the equations /
X—y=4andy?=2xfor xandy. Fig. 8.3
Wehave y»=8+2yi.e,(y-4)(y+2) =0 )
which givesy=4, -2 and

X=8, 2.

Thus, the points of intersection are (8,

4), (2, -2). Hence

X

Area = }fﬁ +y—%y2§1y

5 4

1
4y+y7—gy3 = 18 sg units.

-2

Example 4 Find the area of the region
bounded by the parabolas y? = 6x and Fig. 8.4
X2 = 6yY.
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Solution Theintersecting points of the given parabolas are obtained by solving these
eguations for x and y, which are 0(0, 0) and (6, 6). Hence

3
=, /502 _ (6 _ i
= 262 -2 =12 g units.
Ve 3 18

Example 5 Find the area enclosed by the curve x = 3 cost, y = 2 sint.
Solution Eliminating t as follows:

X
x=3cost, y=2sint[J §:cost,

. (0,2

%:Slnt,weobtain AB

X2 y2 < 0) X
Z+2L =1 X A .

9 4 ' (3,0)
which isthe equation of an ellipse. (0, -2)
From Fig. 8.5, we get Y’

Fig. 8.5

3
2
the required area= 4 Ig 9-x* dx
0

_551/9 X2 += sm - _6T[squnits.

Long Answer (L A)
2

3x
Example 6 Find theareaof the region included between the parabolay = e and the
line3x—2y+12=0.

3%
Solution Solving the equations of the given curvesy = e and 3x-2y+12=0,

we get
X-6x-24=0 0O (x-4)x+2=0



0 x=4, x=-2 which give
y=12, y=3

From Fig.8.6, the required area = area
of ABC

4 012+ 3x0 4 3x2

:_Iﬁ 5 de_ ITdX

-2

Eﬁx"' 3 g X 4 27 i
= i =Py = S| units.
0 4 0, 12 5

Example 7 Find the area of the
region bounded by the curves x = at?
and y = 2at between the ordinate
corespondingtot=1andt=2.
Solution Given that x = at? ...(i),

_ . Yy
y=2at..(i)J t= 2aputtlngthe

vaueof tin (i), we get y? = 4ax
Puttingt=1andt=2in (i), we get
X=a,and x=4a

Required area= 2 areaof ABCD =

4a 4a
2Iydx=2x2‘|’\/&dx

3 da

(%) =6
= 8Ja 3| = Eazsq units.

a

Example 8 Find the area of theregion above the x-axis, included between the parabola

y?= ax and the circle x> + y? = 2ax.

A
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LN
e

(4, 12)
L 3Y
L

Ax 2412 =0

o |B

Fig. 8.6

M

Fig. 8.7

Solution Solving the given equations of curves, we have

X2 + ax = 2ax

orx=0, x=a,which give
y=0. y=ta
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FromFig. 8.8
area ODAB = Y

[{Voasose - Vax)ox

Let x=2asin’0. Then dx = 4a , 0 C -
sind cosd do and X'< a X

LN
r

T
x=0,0 6=0, x=al ezz.

Aga| n, }q2ax— X2 dx ]
0

Fig. 8.8
= [(2asinBcos 6) (4asinBcose) db

o%nm

pa

Z1 49d9 . B%——Z
I cos aﬁ% 4E—4a.

Further more,

N w

a iR
I«/axdx :\/az[p( D:ga2
0 30 @ 3

Thusthe required area= ~a~ 2a° =& B - = Baquni
usthe required area= @'~ ~@ =& [3; ~ 3 gsqunits.

Example 9 Find the area of a minor segment of the circle X2 + y2 = a2 cut off by the

li 2
inex= .
2

: . . a . N
Solution Solving the equation x> + y2 = a2 and X = 5 we obtain their points of

\/— La \/_aD
intersection which are H— Eand H > E
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Hence, from Fig. 8.9, we get

Ja—x*dx
Required Area= 2 Areaof OAB =2 l

2

Y
2 ]
-9 D(\/az—xz +a—sin‘1§D 1
2 a[g \é\!
¥
— |/
E_)hi mn a a\/§ a? T[E ¢
=2 o= a————.—=

; 7 >
= i—;(6n—3\/§—2n) ? (1-2§

= i—;(M—B«@ ) S units.

'Yi
Objective Type Questions Fig. 8.9

Choose the correct answer from the given four optionsin each of the Examples 10to 12.

Example 10 The area enclosed by the circle X2 + y?2= 2 isequal to
(A) 41tsg units (B) 2./2m sq units
(C) 412 sq units (D) 2mtsg units

2
Solution Correct answer is (D); since Area= 4I V2-x
0

N2
O . x O
= 2-x2 + = = i
4 EEJ X" +sin ,—250 21150, units.

2 2
Example 11 The area enclosed by the ellipse %+§ =1lisequa to
(A) TPab (B) Tab (C) ma*b (D) Tab?

a
b
Solution Correct answer is (B); sinceArea= 4Ig a’ —x’dx
0
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X 5 a2 . xO
- — a’—Xx"+—sin" —0 = mmh.
a 2 ang
Example 12 The area of the region bounded by the curvey = x2 and theliney = 16
a2 5 25 o & 0 128
R 3 (8) © 3 (D)

16
Solution Correct answer is(B); since Area = zj\/gdy
0

Fill in the blanks in each of the Examples 13 and 14.

Example 13 The area of the region bounded by the curve x = y?, y-axis and theline
y=3andy=4is

. 37 :
Solution 3 sg. units

Example 14 The area of the region bounded by the curvey = x? + X, x-axis and the
linex=2andx=5isequal to

297 _
Solution ?sq. units

8.3 EXERCISES
Short Answer (SA.)
Find the area of the region bounded by the curves y? = 9x, y = 3x.

Find the area of the region bounded by the parabola y? = 2px, x* = 2py.

Find the area of the region bounded by the curvey =xandy=x+ 6 and x=0.
Find the area of the region bounded by the curve y? = 4x, x? = 4y.

Find the area of the region included between y2 = 9x and y = X

Find the area of the region enclosed by the parabolax?* =y and theliney =x + 2
Find the area of region bounded by the line x = 2 and the parabola y? = 8x

O N o gk~ owDdpE

Sketch the region {(x, 0) : y = /4 — x? } and x-axis. Find the area of the region
using integration.
9. Calcualte the area under the curve y = 2./x included between the lines x = 0

andx=1.
10. Using integration, find the area of the region bounded by the line2y =5x + 7, x-
axisand thelinesx =2 and x=8.



11.

12.

13.
14.

15.
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Draw arough sketch of the curvey = \/x -1 intheinterval [1, 5]. Find the
area under the curve and between thelinesx =1 and x = 5.

Determine the area under the curvey = m included between the lines x
=0andx=a.

Find the area of the region bounded by y = \/x and y = x.

Find the area enclosed by the curvey = —x2and the straight lilnex + y + 2 = 0.

Find the area bounded by the curvey = \/x , x = 2y + 3in the first quadrant
and x-axis.

LongAnswer (L.A))

16.
17.
18.

19.

20.
21.
22.

23.

Find the area of the region bounded by the curve y? = 2x and x? + y2 = 4x.

Find the area bounded by the curve y = sinx between x = 0 and x = 21T

Find the area of region bounded by the triangle whose vertices are (-1, 1), (0,
5) and (3, 2), using integration.

Draw arough sketch of theregion{ (x, y) : y2< 6ax and x2 + y? < 16a2} . Also find

the area of the region sketched using method of integration.
Compute the area bounded by thelinesx+ 2y =2, y—-x=1and 2x+y=7.
Find the area bounded by thelinesy =4x+5,y=5-xand 4y =x + 5.

Find the area bounded by the curve y = 2cosx and the x-axis from
x=0tox=2m

Draw arough sketch of thegiven curvey =1+ [x +1], x=-3,x=3,y=0and
find the area of the region bounded by them, using integration.

Objective Type Questions
Choose the correct answer from the given four options in each of the Exercises

2410 34.
T
24. Theareaof theregion bounded by the y-axis, y = cosxandy =sinx, 0 < X< B IS
(A) V2 sq units (B) (V2 +1) sq units
(©) (V2 —1) s units (D) (24/2 —1) sq units

25.

26.

The area of the region bounded by the curve x? = 4y and the straight line
X=4y-2is

3 5 7 9
(A) gsq units (B) gsq units (C) gsq units (D) 3 sq units

The area of the region bounded by the curve y=,/16-x* and x-axisis
(A) 8 sq units (B) 207tsq units (C) 1611 units (D) 2567115q UNits
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27.

28.

29.

30.

31.

32.

33.

34.

Areaof theregionin the first quadrant enclosed by the x-axis, theliney = x
andthecirclex? +y?=32is

(A) 16mtsgunits  (B) 41tsq units (C) 32rtsq units (D) 24 sq units

Area of the region bounded by the curve y = cosx between x = 0 and x = Ttis
(A) 2 sgq units (B) 4 squnits  (C) 3sgunits (D) 1 squnits

The area of the region bounded by parabolay? = x and the straight line 2y = x is

4 2 1
(A) Esq units (B) 1squnits (C) Esq units (D) ésq units

The area of the region bounded by the curve y = sinx between the ordinates

T
X=0, x= — and the x-axisis

2
(A) 2 sq units (B) 4squnits (C) 3squnits (D) 1 squnits
2 2
The area of the region bounded by the ellipse %+i’—6 =1lis

(A) 20Ttsq units  (B) 201? sq units

(C) 1612 sg units (D) 25 1tsq units

The area of the region bounded by thecirclex? + y2=1is

(A) 21tsg units (B) tsg units  (C) 3rtsg units (D) 41tsg units
The area of theregion bounded by the curvey = x + 1 and thelinesx=2and x=3is

7 . 9 _ 11 ‘ 13 _
(A) Esq units  (B) Esq units (C) Esq units (D) Esq units

The area of the region bounded by the curve x = 2y + 3 and the y lines.
y=landy=-1is

3
(A) 4sgunits (B) Esq units (C) 6squnits (D) 8 sq units

——enulll> @



